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INTRODUCTION

The problem of determining area of plane regions
attracted the attention of Greek Geometers, especially

Euclid(approx.300B.C.) and Archimedes(287-212B.C.).Itis to
compute the area of regular plane figures like triangle,

sqQuare, tfrapezium, circles etc. Such formulae of
2lementary geometry allow us to calculate area of many

ate to find the area




LEARNING OBJECTIVES...

B To evaluate the area between two functions using a difference of definite
integrals

m To find the area bounded by a curve y = f(x) , x-axis and two ordinates
X=aandx=Db

m To find the area bounded by a curve x=f(y) , y-axis and two abscissa
y=aandy=Db

m To evaluate the area bounded by an irregular figure may be a curve, line,

ordinates/abscissa and axes.
| | of a function is an extension of the concept of a sum. the process of finding integrals is
Ind a measure of totality such as area, volume, mass, displacement,




y=/[(x
areq, consider the region PRSQ
the ordinates x = aand x = b.
Divide the interval [a, b] Info n equal subintervals denoted
X0, X1], [X1,X2] e [x,_1,x,].Where x, = a, x; = a
X, =a+ 2h...00000 x, =a+rhand

X, =b=a+nhorn= b%a.We note thatn — oo, h - (Q

' s
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Definite integral as the limit of a sum......

The region PRSQP under consideration is the

sum of n subregions, where each subregions

is defined on subintervals [x,_1,x,-], r=1,23,......., N

From the side figure, we have,

Area of the rectangle(ABLC)

< area of the region (ABDCA)

<area of the rectangle(ABDM)................ (1)

Evidently, x, - x,_; = 0.i.e,h = 0 all the three areas

shown in (1) become nearly equal to each other.

Now we form the following sums.

sn= h[f (xgy + v . + f(xtp—1y 1= R X750 F(xr)....(2)
and T

Sp= h[f (1) +f(x2) o v v ve + f ()= R YT 21 F(xr) ... (3) g Pi- |

here, S,, and s,, denote the sum of the areas of all Dla=2, 07 X, >

upper rectangles and lower rectangles | T o

raised over subintervals [x,_1,x,],r=1,2,3........, N

respectively.

F /
Scanned \A)YS ¢amScanner




In view of the inequality(1) for an arbitrary subintervals [x,_,, x,], we have

s, < area of the region PRSQP< S, ............... (4)

As n — oo strips become narrower and narrower, it is assumed that the limiting values of (2) and
(3) are the same in both cases and the common limiting value is the required area under the
curve.

Symbolically we write

lim S,, = lim s,,= area of the region PRSQP = f; f(x)dx coeunnnnn..... ©)

n— 0o Nn—>0o

It follows that this area is also the limiting value of any area which is between that of the
rectangles below the curve and that of the rectangles above the curve. For the sake of
convenience , we shall take rectangles with height equal to that of the courve at the left hand
edge of each subinterval. Thus , we rewrite (5) as

J2 FGOdx = im h[f(@) + f(@+h) + ... + f(a+ (n— 1)
or [ f(x)dx = (b — a) lim “[f@+f@+h)+ ... + f(a+ (n—Dh] ...... (6)

b_
Where, h = Ta—>0asn—>oo

The above expression (6) is known as the definition of definite integral as the limit of sum




Problem :(with marking scheme)

HMere, f{(x) = 3x% ~2x ¢ 4

s I Iy e 2 h~£w~:r_—:>]1 2+2 =s1th =4 @‘
r ”

Wer have f:’f (xydx=limh{ f(a+h)y+ f(a+2h)+...+ f(a+ rnh)}
i By

S ﬁf(r'r dx = lim H{f (<24 M+ f(~2+2M+ f(—2+3)+...+ f (—2 + nh)}

L

Now, f(-2+h)=3(-2+ M2 —22+h)+4
: =34 -4+ N+ 4 - dh+4=12—12h +3h* +4—2h + 4
S = 3h% —~ 14 h + 20
fA~2 2y =3 (-2 +2h)> -2 (-2 + 2h) + 4
“ =34 —8h+4h>y +4—4h + 4
=12 =24+ 12> +4 —-4 h + 4
- = 12/% — 28 1 + 20 ’
simi:arly,f(—z-;-sh)._z?hz 42 i + 20

Jolant i e I

Jas HEE : I

¥) , sl ; |
f(-2+nh)~3 (—2+7nh)>—~2 (2 +nh)+4
W ,~12-12nh+3n WP Ao nh s 4 =372 h?= 14 nh + 20 a

Now, f (3x2 2x 4+ 4)dx-—11mh ((3h% — 1471 +20) + (127 — 28 h'+ 20) +
e | @7h? 42k +20) + ...+ (3nh® — 14 nh + 20}

M BRI £22.4 32 4 .. ¥ n?) = 14h (1 + 2+ 3 +...+ 1) + 20N}

S50
= 1im {3n2 (r £ DEEHD G pen(mFED Tog nh}
T h—-»O g 6 2
5 i nh Gh & h6) (2nh + 1) “a nh (n;z rh) O nh}

h~90 t

4 (4 “.h)(2><4 +h)

7><4.(4+h)+20><4}

% 4+ 80) =64 —112 + 80 =32



m [he integration can be used to determine
the area bounded by the plane curves, arc
lengths volume and surface area of a

region bounded by revolving a curve
about a line.



A AREA OF THE PLANE REGION

m \We know that the area bounded by a
Cartesian curve y = f(x), X — axis,
between lines x = a & X = b given by

b
Area = jf(x)dx
a



A\

(0)
X




AREA UNDER SIMPLE CURVES:

f: f(x)dx represents the area bounded by the curve y = f(x),x — axis ad two ordinates x =a.and x = b

In the previous slide , we have studied definite integral as
the limit of a sum and how to evaluate definite integral
using Fundamental Theorem of Calculus.

Now we consider the easy and intuitive wa of finding the
area bounded by the curve y = f(x),

x — axis and the ordinates x = a and x = b. From the side
figure we can think of area under the curve as composed
of large number of very thin vertical stripes. Consider an
arbitrary strip of height y and width dx, the dA(Area of the
elementary strip) = ydx, where,y = f(x).

This area is called the elementary area which is located
at an arbitrary position within the region which is
specified by some value of x between a and b .We can
think of the total area A of the region between x-axis, | Pl
ordinates x = a,x = b and the curve y = f(x) as the e —
result of adding up the elementary areas of thin strips v ‘
across the region PQRSP. Symbolically , we express Flg 8.1

b b b P —
A= fa dA = fa ydx = fa f(x)dx Scanned with CamScanner




The area A of the region
bounded by the curve

x = g(vy),y — axis and the lines
y = ¢,y =dis given by

A=['xdy = [ gy
Here, we consider horizontal
strips as shown in the side
figure.

= /
@ Scann%/with CamScanner




If the position of the curve under
consideration is below the x-axis,
then since f(x) < 0fromx = ato

x = b, as shown in the side figure,
the area bounded by the curve, x-
axis and the ordinates x =a, x=b
come out to be negative. But, it is
only the numerical value of the
area which is taken into
consideration. Thus, if the area is
negative, we take its absolute

VCllue, - f ’ f (x) dX‘ i_‘ffﬂfScannedwith CamSc%’er
a =




AREA UNDER SIMPLE CURVES:
If some portion of the curve is above x-axis and some is below the x-axis

Generally, it may happen that
some portion of the curve is above
x-axis and some is below the x-
axis as shown in the side figure.

Here, A{ < 0 and A, > 0.

Therefore, the area A bounded by

the curve

y = f(x),x-axis and the ordinates
= aand x = b is given by

A= |A1| + Az.

Y:
Scanned#ith CamScanner




The area bounded by

two curves

y=fi1(x)andy =
and t\llvo ordiﬁatii(x)
x= a and x=b is given

by
b
f f1(x)dx —

b

a

2(x)dx

Scannfed with CamScanner
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AREA BETWEEN TWO CURVES

Suppose we are given two curves represented by

y = f(x),y = g(x),where f(x) = g(x)in[a, b]Here the
point of intersection of these two curves are given by x =
a and x = b obtained by taking common values of y from
the given equation of two curves.

For setting up a formula for the integral, it is convenient to
take elementary area in the form of vertical strips. As
indicated in the side figure, elementary strip has height

f(x) - g(x) and width dx so that the elementary area
dA = [f(x) - g(x)]dx, and the total area A can be taken as

a= [ If(0) — g(x)]dx

Alternatively,

A= [ area bounded by y = f(x),x — axis and the lines x = a,x = b] —
[ area bounded by y = g(x),x — axis and the lines x = a,x = b]

= [P fdx - g(x)dx = [J[f(x) — g(x)]dx,
Where, f(x) > g(x)in[a, b]




AREA BETWEEN TWO CURVES

If f(x) = g(x) in|a,c] and

f(x) < g(x) in|c, b], where
a < ¢ < b as shown in the side figure,
then the area of the region bounded by
the curves can be written as
Total area = Area of the region ACBDA +
Area of the region BPRQB

= [[f(x) — g(x)]dx +
[Plg(x) — f(x)]dx




The whole area enclosed by the given circle
= 4 ( area of the region AOBA bounded bythe curve, x- axis
and the ordinates x = 0 and x = a)[as the circle is

a
symmetrical about both x —axis and y-axis] = 4 f 0 ydx(
taking vertical strips)

a
=af, Va? — x% dx
Since, x> +y? =a’?=>y= +Va? — x2

As the region AOBA lies in the first quadrant. Y is taken as
positive. Integrating , we get the whole area enclosed by
the given circle

2

X a . -1 X
=4[—\/a2 —x2 + —sin"1= ]
Y/ y/ a lg




(Considering horizontal strips as shown in the side figure)
The whole area of the region enclosed by circle

\%

Scanned with CamScanner Scanned with CamScanner /




Since the given curve represented by the

equation Yy = x%is a

Parabola symmetrical about y-axis only,
therefore, from the side figure ,

the required area of the region AOBA is given
by

4
=2 fO xdy = 2(area of the region BONB

bounded by curve, y-axis and the linesy =0
and y = 4)

2 [t ydy=2x2]yi -txg= 2

R[ Scanned with CamScanner Y’




The region AOBA may be stated as the

region bounded by the curve y = x?,

y = 4 and the ordinates

X =-2andx = 2.

Therefore, the area of the region AOBA

s J
_ [ wix
: . S

N S . - . )
v = ( v-coordinate of Q) - (\'—uoordmate of P) =4 - x|

t - X )d\ (Why?) X

0

3

3T 8]
L ey -°{4x2—5}——32

' Scahned with C:'gm canner 3

\CSScanned with CamScanner



EXAMPLE:03

Find the area of the region in the flrst quadrant enclosed by X=
axis, the line y = x, and the circle x? + y? = 32

SOLN.

T the given equations are
Y =X ceeennenn. @)
x?+y2=32........ (2)

Solving equation(1) and (2), we get x=4 & y=4

i.e, circle and straight line intersect each other at pt B(4,4)
in the first quadrant in the side fig.

Draw perpendicular BM to the x-axis.

Therefore the required area

= area of the region OBMO+ area of the region BMAB.
Now, the area of the region OBMO

= f:ydx = f: xdx ........ €))

=[]} =




Again, the area ol the region BMAR

= LN vy = I:J] 32— &% dy

l P 3 l ——
= X \/-V’ = X" 4 =% 32 X 8in

. X

= ('I“ 4\[2 () ‘l*'-l*)(32  sin”! ]] _.,(i \/32—16 +_1_.x32)<sin—l __1__}
\2 2 2 2 J2

=8N (8+4n) =4n - §
@l‘% (3) and (4), we pet, the required area = 4.




Example : 4
Y 2
Find the area bounded by the ellipse = + 2’—2 = 1 and the

a’
ordinates x = 0 and x = ae, where, b> = a*(1—e*)and e < 1

The required area of the region BOB’RFSB is enclosed by the ellipse
and the lines x = 0 and x = ae.( from the side figure)
Hence, the area of the region BOB'RFSB

Scanned with CamScanner




33 e 10

~

Solhudion (GIiven cuation o the ellipse Qa2

~

- »o=— 30 — 2)

:(*ar W= e 3¢ - O

-

Area of the shadoed region @

O(

|
7]
L—c
a
?:
|
'_‘

18 shown in the Hig 8

—3Vdyv (Why?)

o Land honoee, 1S shape s as given in e 817

-

S.17.

-
+* 3G can b OXpressed as =

Y
Fig S.17

For correct
equation of
line 1.5
marks
Correct
figure:1.5
marks

2 marks

1 marks



sSolution Let A(1.0), B(2. 2) and C (3, 1) be
the vertices of a triangle ABC (Fig 8.18).
Area of AABC

= Area of AABD + Area of trapezium
BDEC — Area of A AEC

Now eguation of the sides AB, BC and
CA are given by

y=2x -1, yv=4—x,y=—= (x— 1), respectively.

2

Hence. area of A ABC = [ [2(x—Dax+[ @-xyax—|
e
A5 )

3

3x—1
Lt g

4x ——

4><2 ——

B Equatio

ns of

three

lines:
1.5
marks

1.5
marks
1.5

marks



Example:07

2
Find the area of the region included between the parabola y = 3% and the line

3X-2y+12=0

S Fesrorme

3x2 Solutio
Solving the equations of the given curves y = — and Y ns of x
4 A and y:

3xX -2y +12 = O,we get 1.5
3x2—6x —24 = 0=>(x—-4)(x+2)=0 | J Crls, 1) marks

: For
. = : correc

= 12. v =3 A L3y S 1 fig.
_ (-2,3) Sl i 2
From Fig. 8.6. the required area = area : marks
of ABC :r

1 lo B i 1
2 > 3x-2p+12=0

> N1 ; 2 ¥
3x° [ 3x7 |
6+ | I = T B -y Scanned with CamScanner
_ : ; = 2/ sg u S.
Scanned with (flali’lSJZ—xrwlwell"-’ s ! ] 2 !“_ > q n l t\




Given region is {Cx. ) 2 X+ 2| <y <420 —x 1
y=|x+ 2] and =t _
| R e B For the

- ’ ,\\
we obtain the - By , obtaining
, ‘ the values
of xand y;

It consists of inequalities

Plotting these inequalities,

adjoining shaded region.

Solving v=x+2 and 3/2 =20 —x?

= (x+2)2 =20 —x? X7 = : ' : Q2,0)

- -5 ~4 =3 2 -1 O 1 2 3 gy

- 252 4 43 — 16 =0 l I e 1.5 marks

or (x+4)(x-2)=0 v’

= x=4 2

The required area = [ /20 —x%dx — [ ~(x+ 2 dx~ [ (x+2)dx Correct

figre: 2

marks

[ 2o ][] 5]

. 5 1 o
=4 +10 sin ! 7_5—+4+10sm I(T)+[2—4—8+8]—[2+4 2+4]
-8+10(sm 1%+sm -\/_) 2— 8——2+10(sm lj_ ) 2.5 marks

J_
=—2 +10 sin 1[% / — \/_ /1——]——2+105m [ —}—2+10$1n 11

m% %E:anned with CamScarmear+ 10 — —(57r 2) sq units.




The given lines are

V == 2_.\" -3 1 N \(,‘)
. —-— Ry = LSRN ,‘i)
y=3x+1 ( 2 marks
r=d NI _ _
For intersection point of () and (#1) iy : B For
v=2x4+1=9 vyt 1/ three
s - . ; . -y ‘4 O 3 : ' correct
Coordinates of intersecting point ot () and (#7) is (+, 9) ¢ £ 3 . crices
For intersection point of () and (#¢) _ & 1.5 )
vy=3x4+1=13 : ‘ marks
i.e.. Coordinates of intersection point of (1) and (##7) is (4, 13)
For intersection point of (?) and (¢7)
2x+1=3x+1 = x=0

- v =1

i.e.. Coordinates of intersection point of () and (¢ is (0, 1).
Shaded region is required triangular regilon.,

-~ Reguired Area = Area of trapezium OABD — Area of trapezium OACD

2 rd . o R N v 4
:."a (Sx+1)dx ‘Ju RQx+1)dx=|3 S X[ === +x

. -0 0
Scanned with Camscan(@ZF + 9 —01-[(16 + 9 - 0]=28 - 20=8 8q units,

- oL
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For praph of y=| x4

sol.

, ; z _ ; ,
) Rt —— ! | ' | correct
sketch of
SR graph
3 marks

Q(-6,3)

--------

o 6 —b -4 -3 -2 =10 13 =
Shaded region is the required region.
Hence, Required area = _Loﬁ | &4 3| dx
== Ij: | x + 3| dx -+ .L‘,)'; | & 3| dx [By Property of definite integral]
-3 0 x4+ 320 If ~3<x=0
= —(x+ 3)dx-+ .Ls (x -+ 3) dx |.x'|' B s A i 5_3]

2 i * 0 9 36 9
X7, e Je—— ..,._9)_(:,__18)]_...[0_(_*9)]
= [2 43x] 1[2 ";x]...;; [2 > >

~ 0

— 9 9 |
gcanned with CamScannér > S The 9 B units.

ak oiyiaae - a - I I LR SCSLUGSUREE 1T OCEETHEREE | | SSreopmese



Example:11
Find the area of the region bounded by the parabola

y? = 2x and the line x — y = 4.

Sol. Given curves are y* =2x
and x—-y =4 e 1.
Obviously, curve (7) is right handed parabola having vertex Colrre(;
soin o

at (0, 0) and axis alon_g +ve direction of x-axis while curve

(77) is a straight line. s line and

For intersection point of curve (7)) and (7/) BT
< it parabola.
X% —8x+16 =2x
x?2 —8x—2x+16=0 = x(x—8)—2(x—8) =0
(x—8)(x—2)=0 = x=2,8
yv=-2,4

Intersection points are (2, —2), (8, 4)

Therefore, required Area = Area of shaded region

= x?2 —-10x+16 =0

1 4 2
= [w+ddy— [ Z-ay
-

—2
_[w+»27" _1[y2]"
2 -—223—2

1 1
=—.]|64—4]——[64+ 8
! ea-a1-Lreas s
— 30 72 18 §
Scanned with CamSoé‘n%er_ G sq unuits.




Example12

1
Sketch the graph y = |x + 1, |. Evaluate f_3|x + 1|dx.What does this value represent
on the graph?(HOTS)

Pt x41, if x+120 ie., x2-1
=lx+1|=
Gol. Wehave, Y ~(x+1),if x+1<0  ie, x<-1

So, we have y=x+1 for x2~1and y=-x-1 for x <-1. Clearly,
y=x+lisa straight line cutting x and y-axes at (-1, 0) and (0, 1)
respectively. So, y =x +1, ¥ 2 -1 represents that portion of the line
which lies on the right side of x=~1. Similarly, y=-x -1, x <-1
represents that part of the line y =-x -1 which is on the left side of

r=-1. A rough sketch of y =| x + 1| is shown in fig.

Now, [—1%, x+1|dx =J:;—(x+1) dx+jj1(x+1) dx

AT A A

Sca”Phﬂ ameC re mISeCS%Q’I S the area of the shaded portion shown in fi

Defining
modulus
function
and
getting
correct
limits :

2 marks

2.5 mars




Curves are y = 6x - X and y = X' - 2 ' el

solution

Curves intersect at (0, 0) and (4, 8) y=xt-2x of two

curves.

For

prea= [ (66~ )~ (¢ - 20)

.

.

.

correct
| figure:
2marks
y 6X~f Correct
solutions:
2.5 marks
4 L

Area = f (6x-x* - x* + )y = E (8x - 2¢*)d

14

3
g 2| gy 186 5 units A\t
@cannedwith CamScanner 3 10 3 3 @s nnnnn d with CamScanner




Example:1 4., Using the method of integration find the area bounded by the curve

lx[ + 1yl = 1.

IR
g 4 I 15

Scanned with CamScamner

correct
four
equatio
ns of
lines:

2 Marks
For
correct
figure:
2 marks

2 marks




pre-requisite knowledge : Knowledge of integration and geometry.
materials required . Cardboard, white paper and graph paper.

Procedure ! S

1. Take a cardboard of a suitable size and paste a white LT T8,
paper on it. B

Draw two lines perpendicular to each other, representing ™
co-ordinate axes X'OX and YOY'. \?w

)

£l

Draw a gquadrant of a circle with O as centre and radius
1 unit (10 cm), as shown in the figure. \

)
®
N NN\ L

The curve in the 1st quadrant represents the graph of the \
function V1— x2 in the closed interval [0, 1]

4. Let origin O be denoted by A, and the points where the
curve meets the x-axis and y-axis be denoted by A,
and B, respectively.

5. Divide AgA,, into 10 equal parts with points of division as, A, Pig, Pgy seosanns » Ag-

2. From each of the points A, A,, Az ....... Ay, draw perpendicular on the x-axis to meet the curve
at the points B,, B,, B ...... , Bg. Measure the lengths of AgBg, A1By, AyB,, ... AgBg and call them as
Yor Yir» ¥2o Vg -ccvoeee Yo, Whereas width of each part, AgA,; = AjA, = AA; = AjA, = AYAg = AgAg = AgA,

— = A — = AgA0 = 0.1 unit.
}§ annec?evaith%e;\r%Scanngr

XI

N

L.
AL X

o
A A, A A A A A A A A
~

Fig. 19.1
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TR

Ohbhservations

1. Yo

¥o

¥io = ALpBio T

I

I

f

AoBo
ALB,
A:Bs
ATBT
Asas
AQBQ

i

1 unit

0. 99 units
0.97 units
0.95 units
0.892 units
Q.87 units

i

it

l

Q.8 units

Q.71 units

0.6 units
Q.43 units

= which is very small and assumed to be O.
2. Area of the gquadrant of the circle
= Are= bounded by the curve and the two axes
= sum of the areas of 10 trapeziums.
X
= — x (0.1) < (1 =+ 0.99) + (0.99 + 0.97
(0.87 = 08) -+ (0.8 + 0.71) + (0.71 + 0.6) + (0.6 + 0.43) + (0.43)]
= {0.1) < 05 + 0.99 + 0.97 + 0.95 + 0.92 + 0.87 + 0.80 + 0.71 + 0.60 + 0.43]
= 0.1 = 7.74 = 0.774 sq. units (approximately)
3 / 2
3. Also. 5\51 = aeaie = § N1 = & etV 1=lx£_3_'1_4.
° .4 2 o > 2 a
& The =zmrez of the gquadrant as a limit of a sum is

R A T R
AT e

Zo

nearly the same as the area obtained by actual

g e oy e —

= 0.785 sq. units.

et

. . p ) " =3 - - ) s . v . 3 ST .y -
a_ﬁﬁgﬁmm&gﬁﬁ@we concept clarity of area bounded by the curves.

) + (0.97 + 0.95) + (0.95 + 0.92) + (0.92 + 0.87) +

e mcsae that the definite Integral I\/ 1 — x2 dx can be evaluated as the limit
. S N.-_, FhviRs Ly : .- : ‘ i p . i 'y $ iy .

AN



ACTIVITY: To test the area obtained by integration method and by using ﬁ,{ ﬁ

formula e
NS

( CBSE DELHI 2011)
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SOME ADDITIONAL PROBLEMS

01. Sketc

under the curve y = |x + 3| above

between x = —6tox = 0.

02. using the method of integration, find the area of the
region bounded by the lines 3x-2y+1=0,2x+3y-21=0
and x-5y+9=0

03. Find the area of the region included between the
parabolas y? = 4ax and x* = 4ay,wherea > 0

04. Sketch the graph y = |x — 1|. evaluate f_42|x — 1|dx. what does the
value of this integral represent on the graph?
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m Area is a quantity that expresses the extent of a two-dimensional surface or shape, or planar lamina, in the
plane.
m The area between the graphs of two functions is equal to the integral of one function, f (x), minus the

integral of the other function, g(x): A= f:[f(x) — g(x)]dx, where f(x) is the curve

with the greater y-value.
m The area between a positive-valued curve and the horizontal axis, measured between two
values,a and b (where b>a), on the horizontal axis, is given by the integral from a to b of the

function that represents the curve: A= f: f(x)dx.
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