Injectivity
Ex-1:

Prove that f:R, — [—5,0) givenby f(x) = 9x% + 6x — 5 is one-one .

Proof:

Let x,y € R, and f(x) = f(y)
= 9x2+6x—5 = 9y2+6y—5
59—y +6(x—y)=0

= @x—y)Ox+y)+6)=0

>x—y=00r9(x+y)+6=0
2
If9(x+y) +6 =0, thenx = — (2 +)
2
Asy € R+=>—(§+y)e R_=>x€ R_

Which is not possible as we have considered initially € R, .

So only possibilityis x —y =0i.e.x =y.

Ex:2
Show that the function f : R = {x € R : —1 < x < 1} defined by f(x) = 1+x|x|
1s one-one .
Proof:
o (S xzo
Let us redefine the function f(x) = T )X c<o”
1-x

We have to choose two real numbers from the domain.
There are four possibilities

(i)x,y € R, (i)x,y € R_ (ii)x€R,,y€ R_ (v)x€R_,y€ R,



Case-1:

Letx,y € R, and f(x) =f(y) = 1j:—x=%=>x+xy=y+xy=>~x=y.

Case-2:

Letx,y € R_and f(x) =f(y) = :—xzé:x—xyzy—xy:'x=y.

Case-3:

LeteER,,y€ R_.Sox#y

Now f(x) = 77> 0 and f(3) = =< 0= f(x) # f(9)
Case-4:

LeteR_,y€ R, .Sox Yy

Now f(x) = 1 <0 and f(y) == > 0= f(x) # f(¥)
Hence the function is one-one .

Surjectivity

Ex:1
Show that the function f : R = {x € R : —1 < x < 1} defined by f(x) = 1+"|x|
is onto .
Proof:
_ _ N 1i_x x>0
Let us redefine the function f(x) = T )X c<o”
1-x
X X
ForZO,f(x)—EZO. Forx<0,f(x)—E<0

Case-1

Let y € (—1,0) . Then y=:—x for some x =>x=y—xy=>x=1i/—y<0

y

Now f(x)=f(1i}y)=1fy%y=y.




So for y € (—1,0 ) there exists x € R such that f(x) =y
Case-2

Let y € [0,1). Then y=1j:—x for some x =>x=y+xy=>x=13_}—yZO

Now fG)=f(Z%)=13F=v.

1-y
So for y € [0,1) there exists x € R such that f(x) =y

Hence the function is onto .

Prove that f:R, — [—5,0) givenby f(x) = 9x%+ 6x — 5 is onto .
Method-1:

f(x)=9x2+6x—5=0Bx+1)2-6

As xER, 2x20=>3x+1>21>Bx+1)2-6=>-5> f(x) = -5

So Ry = [—5, ) =Co-domain = Function is onto .

Method-2:

Lety € [-5,0)andy =9x?>+6x—5 =29x*+6x—(5+y)=0

-1+,/y+6

x = % € R, . So discarded.

-1+,/y+6
Butx=+ ER, asy€e[-50)=>y+6 €[1,0)=>,/y+6=>1

-1+./y+6
T >0=>x€R,

Also f(x) = f (ZELTE) = o (ZEFE)" | (20070 g

=1-2/y+6+@+6)—2+2,/y+6-5=y
So for y € [-5, %) there exists x € R, such that (x) =y .

Hence the function is onto .






