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5.4 DERIVATIVES OF INVERSE TRIGONOMETRIC FUNCTIONS
1. Derivative of sin™ x

Lety =sinlx, xe [-1, 1], y € [—g, %} = x=siny.

Diff. w.r.t. y, we get z—; = COS Y.

Also cosy = % +1-sin’y
; )
Buty e [——213, %:, =cosy=20 =>cosy = J1-siny =v1-x".

dy _ 1 ted  20ie cosy#0iey*E
We know that Fialr X provided 7 #01 y

d .
’ . (x=siny)

( cos?y +sin?y =1)

=,
2

je.x#t1

Scanned with CamScanner



MATHEMATcs

362
g 1.1 L xelL1 and x # + 1.
I fAx  cosy 1-x
Y
1 ~1, 1) e |x| <L
[ P - XE€ -1
Thus, -E(Sln 1x) -+ !
. -1
2. Derivative of cos™ ¥ _ .
Lety= coslx, x € -1 1, y€ [0, n] =% cos y
df _ _cin .
Diff. w.r.t. y, we get e sin Y
" sin? 2
Also siny =% 1}1—coszlj ' ( ¥ + cos y=1)
- 2y =+1-%".
But ye [0, = siny20=snYy= J1-cos"y =V1
a1 __ 1 __ L  yel[-1andxzxl
dx - dx siny 1-x2
dy
d ) = e _1,1) ie (x| <1
Thusfgx-(coslx)- mz,xe( p jx|
3, Derivative of tan”! x
T W _
Let y=tanx forallxe R,ye€ (?3’ E) = x = tan y.
d
Diff. w.r.t. y, we get 33 = sec? y.
But sec?y = 1+tan2y=1+2
4y 1 1 __1 ,forallx e R.
dx ~ dx  secly 1+x2
dy
Thus, 2 (fan 2) = ——, forall x € R
us, E(tan x) = e orall x € R.
4, Derivative of cot™l x
% (cot™ 2) = - : +1x2 , forall x € R. (Proof is left for the reader as an exercise)
5. Derivative of sec! x
Let y=seclx Ixl21,y e [0, n] except % = y=cos’ (%]
Differentiating w.r.t. x, we get
dy 1 d (1 1
dy 1 odf1y___1 . S
dx A 1)2 dx(x) 21 (=1).x
x 22
R CIS O 1 1
‘sz_l xz sz_llxlz _lesz_lf|x|> .
d 1
Thus, — 1y) =
us, — (sec1x) lem’ |x] > 1.
d
Corollary. —(sec! x) = x>
ay dx ( x %2 -1 1.
REMARK
Generally, the practice is to use i(sec-l %) = 1 ) _ s
dx . 21 and in such circumstances !

understood that x > 1.

DUAlIlIcSu vvilll \
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iy
fﬂNﬂNU Derivaﬁ ve of cosecl x
6. 1 ]
d_(coseC 1x) =- ————|x| N [x]|>1. (Proof is left for the reader as an exercise)
..‘i_(coseC'1 x) =- 1 ,x>1.
corollary* 7y xVx2 -1

REMARK

. d
ractice is to use —(cosec! x) = = 1
Ge_neraﬂyf the p dx

and in such circumstances it is
xvx2 -1

nderstood that %= L.

al Dmerentlaﬂon by substitution

" here are MO hard and fast rules for making suitable substitutions. It is the experience which

gmdes us for the selection of a proper substitution. However, some useful suggestions are
en below :

If the function contains an expression of the form
0 2 -x%putx=asintorx=acost
(if) @#+x,putx=atanforx=acott

) 2 = -
(i) x2 —a* put x = asectorx=acosect

; ut x =acost
(l'U) I+ X ¢ P

(v)acosx:l:bsinx,puta:rcosaa.ndb=rsina,r>0.

ILLUSTRATIVE EXAMPLES

A TS b B

g L e e

Efollowmg functwns w rt x

| Solutmn (i) Let y = tan’! (x?), d1fferent1atmg w. rt x (by cham rule) we get
|
dy 1 d 1 2x

= — 2 ()= L 2x = . . -
dr 1+ (%) dx(x) 1+ 1+
(i) Let y = +sin~!x?, differentiating w.r.t. x (by chain rule), we get

1 X

(ein-l 2y Y2 i o ————— - 2x = .
dx 2 (sin~ 2%) [1-(x2)2 1- x4 «lsin-! x2
sin (xx ) = sin? (x3/2), diff. w.r.t. x, we get

ey

5

b

T
S =

I

dy 1 _( 3/2) = 1 3.0 3Jx

J1- (x3/2)2 dx N 2 T
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Example 4. Ify=
5_ SSate, o A 2 _
Solution. Given y = asints ..(d)
71— x2 )
Differentiating w.r.t. x, we get
1 : 1
V1-x2 ’:x.——,—+s1n‘1x.1 —xsinlx,———(-2x
ﬂ = 1-x2 2 1—1‘2( )
dx 1.—x2
. dy . x2sin-1x
oo (1-x2)-2L = 1-x2 sin? x + ==
dx fl_xz
. (1-x2)sin-1x + x2sin~1x
V1-x2
in-1
= g4 Sinlx
1-x2
d
= (1-x) d—i =x+d (sing 0

S 18 ey

. Example 5. Dgﬁ'erentmte th

(r') (:05‘I (sn'i;x) :

Nt ey

R —
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~Solution. (i) Lety = tan~! (sec x + tan x) = tan! (

1-cos [-E + x)
tan™! 2 = tan~!

I

4 2
dy —_ 4 1_ = .:l._

1
cosx

-+

sin x

cos X

ZSinz(

L

— tan-! 1+sinx
cos x

SR
CBSE 2012) |

!

nLx
4 2

2sin[

LI PRYY R
42 42

-1 (_____.——W} , put x = tan tie t= tan! x,

1 4

tan™!

1 ty - £
= tan [tani-) =5

, t-1
1 _:l_i_tin._z_.t_"-}- = tan (sec ) =
then y =t tan f tant
t
¢ 2 Sil"u2 —2'
- sint 2sin ) cos 7

_tan™!

1l

1
2 1
& 1 1 -
gﬁ = 5 T+x? 2(1+x%)

x, diff. wrt. x, we get
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Ji+x2 +1
(if) tan 1 ——

(iv) tan~ («/ 1+ x? & x)

Exam
[ R ___2.___.)
(i) sin ™ | T4 2

| 2015
i) cos™ [?E—) (CBSE 2015)

PR
r

J' -
Solution. (i) Let y = sit (1+;r2
2tan! J _ sin-! (sin 2f) = 2¢ = 2 tan”l x,

2x J put x = tan t ie. | = tan‘1 % ey

PR

= sint
then y = S0 (1+tan2£

differentiating w.z. t. x, we get

d S, Ty
-E_% = 2. '1—_'_'}'2_ 1+ x2
REM’II;'IZKabove solution is valid only for x € [-1, 1]. It may be noted that the given function is

defined for all x € R. To get a more general solution, differentiate directly by using chagy

rule.

1+x2 +1 _ ' _ 4
(i1) Let y-tan‘1[ J put x = tan t ie t = tan™ %,

1+tan2t+1 _1(secf+1]
= AT T =tfanT | —
then y = tan [ tant J tant

1 2 f

+1 2cos* —

1+ cost B 2
-1 | cost — = 1\ =
tan [-——:— tan” ( ] tan t

sint sint
cost

¢ T ¢ Tt ot n 1
-1 — -1 —— — e o e T e—— -1
tan (cot 2) tan [tan(z 2)} 5732 tan™ x,

differentiating w.r.t. x, we get

Ay o1t __ 1
dx 2 1+x2 21+ x2)"
X 1
-l -=
(#ii) Let y = cos! (x x_1)=Cos‘1 —% | = cos1 2 -1 ’
x+x x.}._l_ x2+1
X

Put x=tanfie t=tanly,

then y= cos-L (gn_t__lJ COS_I[ 1- tanzt

e e t] = cos1 (- cos 21)

| = cos™ (cos (M-20)) =m<2t=m—2tant y
differentiating w.r.t, X, we get

1+x2°

(fv) Let y = tan’l (m +x)

Put x = cot tie. tz= cotl X,

then y = tan’ (mﬂzot t)

= tan (cosec ¢ + cot f)

-
ouvaiiicu vviui varl
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by o5 | 3Sinn+ M CD"’“] Siny [_Ls.mn ¥ ,L;_(ij
i) 5 s S
= <A | g T U \> — 7
Sin [famx Jlf(_;l,.)z‘ + _Eé__, J - 51\07"7(-1
= SN (si ) 4 Sivr :LS& -Sl.ﬁjﬂ"\' S\I»L'a

—— pon -‘"" P = >
= N+ Sm’% '-‘5'“[’14!-5"+:1JT%')
A = |
m= ! +0O
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S | [sx2131=22 | pupx =sint ie f =Sl x,
Solution. (i) Let ¥ = s 13

) _
_gx_n_f__ﬂz_'l:i'?‘—i]= sinct (5 sint+ 7 cost

then  y = ST E 13 3
Let 5=rcosaand12=rsina
= ﬂ(cos2a+sin2a)g52+122 —~2=19 =2r=13

2 :>a=tan1—1%.

. rcosasinf+rsinacost) = sin’? (—r—sin(t-;-a)
y=5m1( B3 13 )

. 4 (12
- sin(sin(f+a) = £+ @ =sin? x + fan” ("5‘)

Diff. w.r.t. x, we get
1

&y _ 1 _s0-= .
dx "1-—12 ‘\‘1—1’2

o
_ 41— 442 . 2x) — 41— (2x

(i) Let y = sin™? (6x 4‘51 £23 ]:sm" [3( ) 5 a

\

put?_x:Sintﬂf:Sin-lzx

(o ) int—

hen y = st [25mi= 415 :]zsm.l (M)
\ > °

Let 3=rcoscand4=rsina

= R(co2a+sin?a)=FR+4 =r?=25 =7r=5

and tan o = -§—=>a=tan'1 %,

y = sinl (zcosasmt-s-rsmacostJ___sin—l(ésin(fga))

i

sin1 (gsin(t—a)J

sin! (sin (t=0)) =t-o

]

sin”! 2x — tan-1 (-4—')
3

Differentiating w.r.t. x, we get

S L RS S e |

iiiiii

s .__.__ 0 TS AR RS
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golution- (i) Let x = cos 1, we goy

369

[ (o=3)

y = sin [2tan—1\[1;c\ogr_ o
T+cost |=8in|2¢pa
= sin | 2 tap-1 [tan t]
= |l=si ¢
2 Sm(z--z-) = sin |
= 1-cos?t = 1T 7 it
erentj
B - La_pn 8 Wikt 3, we gt
dx - 2 T P0-2 = __x
V-22
(if) Let  x = cos t, we get
. o1
y = sin? (tan-qf?(m . 2sin? —
1+ cost =sin? |tanl (2 = sin2
2cos? —
= cin2 | 1-cost
= sin? - =
in? - .

1
—2~(1 - x), diff. wrt. x, we get

A1+sinx ++1-sinx
J1+sinx —+/1-sinx

Solution. (i) Lety = tan! (

1

VI+sinx ++1-sin J1+sinx+-\ﬁ—sinx]
J1+sinx - mmx -Jl+sinx+ﬁ—sinx
1 [ (¥1+sinx +41- smx)z)
(1+sinx)-(1- sinx)
{(1+sinx)+(1—si.nx)+2«!1+sinx«/1-sinx]
= tan’ \ 2sinx
(24 2d1-sin?x | _ g 1(1+_.:osx)=,mn_1
b L+ 05
b \ 2sinx sinx
nox
e (o)
= tan’! (cot E)_ tan ( 52
s %, diff. w.rt. x, we get
2
1 ,__1

(-

l-cost=2gin2 £
st 1)

(”) tﬂ'ﬂ—l (\H+x +‘\,1 12]
Jl+x2 —ﬂ

(CBSE 2015)

2cos? %

—

in % cos
Zsmicos,z

Scanned with CamScanner



5 )L i Lt prove tht 2L

V6

et

' Bxample 12. [fy =" (1 )

T S 5% )_.. . 2x+3x
Solution. Given y = tan 6x2 ) al 1-2x.3x

Pre——

1 1 1 1
——<x<—=>lxl<—= 2«
( NN 6T STk

tan~12x + tan™! 3x.

Differentiating w.r.t. x, we get

1 1
+—-=.3.1
1+ (3x)?

dy 2 3
= £4 + .
dx 1+4x2  1+9x?

L T

ay _ 1
dx  1+(2x)2

n
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P _ a-b x d
i o qE: = ———— fan 1 tan — , prove that -l = 1
;'Example. 151fy - Ne? b2 ( a+b ZJ P dx  a+beosx’ " >b>0.
l_!..»"_’ 2 ) a_b B -
501uﬁ°n' Given Yy = -mtan 1[ e tan E-J, diff. w.r.t. X, we get
-iy— = 2 1 . H—b .SQCZE. 1
dx a2 —p2 o [i=2 tani?- Va+b 22
+b 2
a+b 2 X
P— . (a + b)sec 5 B ’
2 __32 -
Va+b a2 ~b (a+b)+(a—b)tan2§ (a+b)c052-’25+(a_b)5m2_2{
= 1 _ 1
X .0 X x - :
a|cos? = +sin2 = 2X_ 02X a+bcosx
( s > sin 2)+b(cos > sin 2]
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. Example 17. If y = secﬂ[\/{ o J+ sin! (j: o 1) prove thdf % is independent of x.

1
( sec!x = cos™! <

4—
cos! (‘E — :lJ + sin”! (J; B 1) ( coslx+sin"lx = gj

]
—
"m

+
»-l;—l
+
—
4’\|
+
,_.,_.

Solution. Given ¥

AN TP

7 which is independent of x.
x
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