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INTRODUCTION

* The beginnings of matrices and determinants goes back to the second century BC
although traces can be seen back to the fourth century BC. However it was not
until near the end of the 17t Century that the ideas reappeared and
development really got underway.

It is not surprising that the beginnings of matrices and determinants should arise
through the study of systems of linear equations. The Babylonians studied
problems which lead to simultaneous linear equations and some of these are
preserved in clay tablets which survive. For example a tablet dating from around
300 BC contains the following problem:-

There are two fields whose total area is 1800 square yards. One produces grain at
the rate of 2/3 of a bushel per square yard while the other produces grain at the
rate of 1/2 a bushel per square yard. If the total yield is 1100 bushels, what is the
size of each field.

 The Chinese, between 200 BC and 100 BC, came much closer to matrices than
the Babylonians. Indeed it is fair to say that the text Nine Chapters on the
Mathematical Art was written during the Han Dynasty gives the first known
example of matrix methods. First a problem is set up which is similar to the
Babylonian example given above:-
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*»* Determinant of a Square Matrix

**Minors and Cofactors
**Properties of Determinants
*»* Applications of Determinants

*»*Area of a Triangle

¢ Condition of Collinearity of Three
Points
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Every square matrix has ¢

Given a matrix A, we USe

We can also designate t
brackets by vertical strai

Definition 1: The determ
Definition 2: The determi







Expansion of Determinants

If A=[a;]isasquare matrix of orderl, then |A|=|a,|=2a,,

If A= [a“ 2 is a square matrix of order 2, then
a21 a22_

A s | g
IA‘ ~ [a2><a22:| = Ay, A&y, ‘
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8y 8, a3
If A=|a, a, a,; |isasquarematrixof order3,then
%1 8 8y =ay (a223-33 B aszazs) —a, (a21a33 - a313-23)
+ a3 (az1a32 = a313'22)
a; a, &
- 1 : ’ B Ay Ay
|A| =8y 8p Ay |=d; B
a3 a32 a‘23 » _
3 = (aﬂazzass T 8,85 8,3 + a13321332) " .
a, a a, a
gl | has . (a11323332 8,8, 83, + a13aslazz)
a31 a‘33 a'31 a32
Expanding along firstrow




Xdmpie:

Evalueate the determing

2 3 -5

1
1 —-2/=2

|4
3 4 1

[Expanding along {
=2(1+8)—3(7 -6
=18-3-155
=-140




The Minor of an Element

eThe determinant of each 3 x 3 matrix is called a minor of the
associated element.

*The symbol M, represents the minor when the ith row and jth
column are eliminated.

Element Minor Element Minor

tzz U3 iy A3

11 M“ = (et s M}g = det
| G3a s | | Iy dag |

2 €y iy dp
(153 ;M_'.” = det iy M:‘_.._'J. = det

A % fdy  di

ﬁ-];._l ﬂ]t I'.I|| ﬂ|3
iy M_” = det iy ihfq_:_\ = det

E.IIE‘:_I Fre ﬂ'ﬂ il




The Cofactor of an Element

Let M; be the minor for element aijin an n x n matrix. The cofactor of

a; written A,-j, IS

Aij A (_1)i+j ‘Mij.
e To find'the determinant of a 3 x 3 or larger square matrix:

1. Choose any row or column,

2. Multiply the minor of each element in that row or column by a +1 or
—1, depending on whether the sum of j +j is even or odd,

3. Then, multiply each cofactor by its corresponding element in the
matrix and find the sum of these products. This sum is the determinant

of the matrix.




Minors:

-1 4
If A= .then
2 3

M,, = Miorof a, =3,M,, = Minorof a, =2
M,, = Miorof a,, =4,M,, =Minorof a,, =-1

y leaving firstrow and






Value of Determinant
\ \ In Terms of Minors
and Cofactors

d; dp, ayg
If A=|a,, a,, a,|then

a‘31 a‘32 a'33
3 y 3
A= (D) aMy = a;C;
=1 =1
=a,C,+a,C,+a,C, fori=1lori=20ri=3




Dear children please go through this video first



https://youtu.be/hAh93-VHyu0
https://youtu.be/hAh93-VHyu0
https://youtu.be/hAh93-VHyu0

Properties £ j Determinant

1. The value of a determinant remains unchanged,i

its rows and columns are interchanged.

a b ¢ la a a
a, b, c,|=b, b, blie A=
a3 b3 C3 Cl C2 C3

2.If any two rows (or columns) of a determinal
interchanged, then the value of the determinz
changed by minus sign.

Y b1 G| |, bz C,
a, bz C,| = ai b1 Q; [
ds b3 C, |

Ul
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|

Example

A=6 0 4
1 5 -7
Expanding the determinant along firstrow,
0 4 6 0
A=2 —(4 )
5 1 5

=2(0(-7)- 5(4) + 3(6(—7) - @D)(4)) +5(6(5) -1(0))
= 2(~20) + 3(-46) + 5(30) = —40—138+150=—28

2 -3 5
A=6 0 4
1 5 -7
Expanding the determigapt‘ellong firstrow,
0 4 6 0
A=2 —(- 3)
5 1 5

=2(0(-7) - 5(4) + 3(6(—7) —(D)(4))+5(6(5) -1(0))
— 2(~20) +3(~46) + 5(30) = —-40—138+150= —28



Properties:

3. If all the elements of a row (or column) is multiplied by a non-zero
number k, then the value of the new determinant is k times the value of

the original determinant.
B o 1s 3

ka, Kb kg 8, b ¢ Evaluate| 1 3 4
a, b, ¢c|=ka, b, ¢ 17 3 6
a, by ¢ a, b, ¢ 102 18 36
A=|1 3 4
Which also implies 17 3 6
a b ¢ ma, mb, mc, 17 3ilgl6
a b, c 2% a, b, C, So,A=|1 3 4
a, b3 C, a, b3 C, 17 3 6




a
show that
X

a
Solving L.H.S
X

a b c
a b c
Xy z

a
RS

X

=2x0=0

b

y

b

2X 2y 2z

y

a+2x b+2x c+2z

b

a+2x b+2x c+2z
y

C

z

¥

C
=0
z

Cc

yA

a b c
X Yy z
X Yy Z

R, and R, are identical

<

expressingelementsfo 2nd row as sum of two elements

Properties:

4. If each element of any row (or column) consists
of two or more terms, then the determinant can be

expressed as the sum of two or more

determinants.

a+X b ¢
a,+y b, ¢
b3 C3

a, +2

a b ¢
=1a, bz C,
d, b3 Cs

X
y
Z

b,
b,
b,

Cs

5. The value of a determinant is unchanged, if any
row (or column) is multiplied by a number and then

added to any other row (or column).

a
a'2
a‘3

b,
b,
b,

C
C,
Cs

a, + mb, —nc,
a, + mb, —nc,

b,
b,
b,

C
C,
Cs




Properties:  :::

6. If any two rows (or columns) of a determinant are identical, 3 2 3
then its value is zero. firstand third row are identical, hence we apply property3
b P, o5 p3 )
' 3 3 3 3 3 2
a, b, c|=0
=3((3)—2(3)) - 2(2(3) —3(3)) + 3(2(2) —3(2))
a b ¢ ~3(6-6)—2(6-9)+3(4-6)=0+6-6=0
7. If each element of a row (or column) of a determinant is zero, .
. , 0O 0 O
then its value is zero.
a, b, c,|=0
a'3 b3 CS
a 0 O] a 0 0]
8. Let ‘A‘: O b O|beadiagonalmatrix,then A=/0 b 0|=abc
0 0 c 0 0 c




Exam ple-l Find the value of the following determinants

42 1 6 6 -3 2

@8 7 4 i) 2 -1 2

4 3 2 10 5 2
-

42 1 6| 6Xx7 1 6/ 6 1 6
(1)28 7 4|=|4x7 7 4 =74 7 4| [Taking out7commonfromC,]
14 3 20 2x7 3 20 (2 3 2
=7x0 [- C,and C, areidentical]
=0

— )
M & - EAYER
10 5 2| |5x(-2) ‘5 2

—3 =E8z -
=(-2)-1 -1 2 [Taking out-2commonfromC,] u -t
5 D
:J_ o =(-2)x0 [ C,and C, are identidal]

.







Example - 3

= = _
Evaluate the deterrmiuimnant: = = =
_ b <ca ab
Solwutiom:
= > C
Vive hawe |=° == c=

=c = =]

ta-bl Bb-c ]
=la-Bb)l{a+ b)) (b-cl (b4 <) == [Applwing & —C, - C, and C, — -]
-cila-b) —alflbE- <] ab
N N < Taking {a-b) and (b-c) ]
—(a-b)b-clla+rb b+rc o= i aking ._a—d_.-ér‘l (b-c) E;mmﬂn
— - b orm C, anm L Fespeeaeca welwr B
] 4 e
— {a-bi)Mb - dcs—ad > —= [Applywimng o, — o, — o |
fe=— = — = ==
a a =
— (= BB — < — =D |1 o —
i —= =k
a a1 =
— — (a-biJ (b -3 {c—c— =) D a2+ b4 c —" — =k [Pl wvimg R, —— R, — R, ]
i — = =k
Med o

=martdirnag aloaormnag i . e gt
fta-BEF i) {c—adP [— s — abb — ac — EBEBac —
= (a-bBb7F (b——} {c—a)y {(ab =— EbBoe =— ac])

=21



xample-4

Withouut ex<xpanding the detserrminant,

Pprowe thhat

I B T T

it B S T = =

S Sy s Bty e

Saxlwumtiom =
= = 4+ Y
L. H.S = |94 = + =S W
S 4+ Oy
= =
= = | =
= a8
= = a1
= T = =
= =L =
= - a
= == <L = =
= s 1 =
= m I
= == | = =
s 1 =
a = a
= = | a =
L a =

1
=
=

e e S W ol i

== =

= W=
= = T
== S = | =
Tl o Tl

1
4+ =Ty |=

=

=
=
=1

=
o I
o T

1
=
=

[l vwima R —FR_. — R,

= = = T = =
= = |+ |= w =
R o & = = T R o

[l o, — T, — o

=rmd Ry, — R, —FR 2]

[Ex<peparhdimg s=alaomag

T
==
2

- o and <, are identical inlIl determinant]







(Area of a Triangle)

* The area of a triangle whose vertices are (X, , vy, ), (X5, Y5 )
and (x5, y5 ) is given by the expression

Vi
1
Y, =§[x1(y2 — )+ X (Y5 = Y1) + X5 (s = V)]
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Condition of CollmeantyofThree Points ..

3 3 ‘ 2 » .'l-; .
e |f are three pomts,/then A, B, C are‘cdﬂf" iA X1, Y1 ) B (x2 Y5 )
and C(X3,¥s) ¢ 2 RS
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DETERMINANTS

Class Xl

DETERMINANTS

Corresponding to every square matrix
A, there exists a number called the
determinant of A and denoted by |A]|.
212
“a21 @S5> >3
431 a3> @33

lA] = ai11(azza33 — azzas>3)
— ayz(aziazs — axzasz;)
+ ajz(asiazs — ax>aszg)

211 413

Let A = . Then,

-

Minors and

L Cofaclors S :

# = For any matrix A — [2:]125¢s2- if b < ;J
Y we leave the row and the column of \'-‘
the element a;;, then the value of "‘_

determinant thus obtained is called the i

minor ofa,j and itis denoted by A1;;.
 The minor M{j multiplied by (— l)i +
< is called the cofactor of the element

7’

’Il‘ll-ll...~.'

CONCEPT

AP

_/_/-’ Properties "--\-\_-
> il i = The value of a determinant remains \%\"
P o unaltered if its rows and columns are \-‘\
,-" interchanged. .
7 = If two rows (or columns) of a determinant are N
ii interchanged, the value of the determinant is multiplied N
by —1.

_i! = If any two rows (or columns) of a determinant are identical, then
» i the value of determinantis zero.

1 If the elements of a row (or column) of a determinant are

‘=‘ multiplied by any scalar, then the value of the new determinantis j
1 equal to same scalar times the value of the original determinant.
'\__ = Ifeach element of any row (or column) of a determinantis the
~_ sum of two numbers, then the determinant is expressible as ,'
\ the sum of two determinants of the same order.

\
j\

i

i

i

i

v

-« Note: (i) If|A| = O, then the matrixis singular. ._/"/
.\-.\ (ii) If |A] = O, then the matrix is non- _ o
g 3.1.11gular. ’_‘/_,/",
e i e ——— e e _
o - i T~
. Ad::"“l'“ - ™ o Properiies of
7 atrix ) . ,_/' adi (A) ~.
4 Let B = [Ay ] be the matrix of RN ;= A(adj A) = (adj A) A N
cofactors of matrix A= [aij]- Then '\: V' = |lA] 7, \:‘
the transpose of B is called the ! i « adj (AB) = (ad) B) - (adj .A) H
3 s = ] » i ]
adjointof matrix A. !- !_\ - |ladj A| = |A|"‘— ,» where 22 is the E
L i & kN order of A. K4

B - ¥ 3 ‘\ - j J = r2—2 -‘,
“\_ ajanddenoted by A,;. . i W o i et (adJ. 4. . x| A( —1)2 rd
e & i+j el e = g = | adj (adj A)| = [PZY > > g
- Ag=(—1**"Iar, - ‘ ~— - . e
T g e .’__,-" } e o aal '\~-\_-\ ___"_/"
o——- --_--.__.@--_--_--_- -_-b_-- - Snlu“on of System "\,_\
,,./" of Linear Equations "\.\
——— o Let AX = B be the given system of N
A o & .Y
S —— e —— e Area of a = 74 equations: Y
i 7 Inverse of "\..\ ; > Properties = oy ol Triangle \‘-\ '_! - If |A|]| = O, the system is consistent and has \._‘
- a Matrix . P _ ~ Y Let ABCbe a triangle with j ©omeunique solution. i
7 For SR e Eaii N\ i. -(A™ )1 i vertices A(x1. 1), B(xz. ¥2) = If|lA| =0 and (adj. A)B > O, then the system is i
H z 2 | : eAN = (A_ b inconsistent and hence it has no solution. F
i A, inverse of A is defined j i 1 1 1 and C(x3, ¥3), then area of B £
\ as Ty Cacli 4 7 L cAaBt=81Aa" 3 BCi i . = If|A| =0and (adj A)B = O, then the system J
N 1Al ’ o NeABO) '=c B tAa ! '\__A‘ - 1s 1172 1 1 7 . may be either consistent or inconsistent ¢
\.\ |lA|=o0 g e \.\ A= —|x, Vo 1 B ~_ according as the system has either -
. T s S o . 9 2 1 = o “~. infinitely many solutions or no _~~
eSS e —~——— s — e xa V3 == s &=
R o, S - solution. -
________ — S -







