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7.7 Definite Integral

In the previous sections, we have studied about the indefinite integrals and discussed
few methods of finding them including integrals of some special functions. In this
section, we shall study what is called definite integral of a function. The definite integral

has a unique value. A definite integral is denoted by J- ? f(x) dx , where a 1s called the

lower limit of the integral and b is called the upper limit of the integral. The definite
integral is introduced either as the limit of a sum or if it has an anti derivative F in the
interval [a, b], then its value is the difference between the values of F at the end
points, i.e., F(b) — F(a). Here, we shall consider these two cases separately as discussed
below:

7.7.1 Definite integral as the limit of a sum

Let f be a continuous function defined on close interval [a, b]. Assume that all the
values taken by the function are non negative, so the graph of the function is a curve
above the x-axis.

b
The definite integral J f(x)dx is the area bounded by the curve y = f(x), the

ordinates x = a, x = b and the x-axis. To evaluate this area, consider the region PRSQP
between this curve, x-axis and the ordinates x = a and x = b (Fig 7.2).
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Divide the interval [a, b] into n equal subintervals denoted by [x,, x ], [x, X,] ....,
[x %) ...[x_,x] wherex =a,x =a+ h, x,=a+ i x =a+ rh and

n—

a
x =b=a+nhor H:T- We note that as n — oo, h — 0.
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The region PRSQP under consideration is the sum of n subregions, where each
subregion is defined on subintervals [x__ . x].r=1,2,3, ... n.

From Fig 7.2, we have

area of the rectangle (ABLC) < area of the region (ABDCA) < area of the rectangle
(ABDM) .. (1)

Evidently as x —x_, — 0, i.e., h — 0 all the three areas shown in (1) become
nearly equal to each other. Now we form the following sums.

n—1
s =h[fx) + ...+ fx )] = h;f(xr) ()
and S = hlf(x)+ fx)+...+ fF(x)=h)_ f(x,) -~ (3)
r=I1

Here, s and S _denote the sum of areas of all lower rectangles and upper rectangles
raised over subintervals [x _,x]forr=1,2, 3, ..., n, respectively.

In view of the inequality (1) for an arbitrary subinterval [x _, x |, we have

s < area of the region PRSQP < S . (4)

As n — oo strips become narrower and narrower, it is assumed that the limiting
values of (2) and (3) are the same in both cases and the common limiting value is the
required area under the curve.

Symbolically, we write
limS, = }li_r)llsn = area of the region PRSQP = J-:f{x}a'x .. (5)

R—3eo

It follows that this area is also the limiting value of any area which is between that
of the rectangles below the curve and that of the rectangles above the curve. For
the sake of convenience, we shall take rectangles with height equal to that of the
curve at the left hand edge of each subinterval. Thus, we rewrite (5) as

j:f(x)dx =lin*£1'h[f(a)+f(a+h)+...+f(a+(n—'l)h]

or J-bf(x)cix= (b—a)Iiml[f(a}+f(a+!:)+...+f(a+(n—l)h] ... (6)
a H—== J]

b-a

n

—0asn— =

where h=
The above expression (6) is known as the definition of definite integral as the limit
of sum.

Remark The value of the definite integral of a function over any particular interval
depends on the function and the interval, but not on the variable of integration that we
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choose to represent the independent variable. If the independent variable is denoted by

t or i instead of x, we simply write the integral as J' bf(r) dt or I bf{u) du instead of

b
_[.a f(x)dx . Hence, the variable of integration is called a dummy variable.

)
Example 25 Find _[0 (x> +1)dx as the limit of a sum.

Solution By definition

-[ bf(x)a'x = (b—a) im l[f(a)+f((:Hrh)Jr...+f(at+(n—l)h],
a n—s= g

b—a
where, h=
n
. De=il) D
In thisexample,a=0,b=2, f(x)=x*+ 1, h = = 5
Therefore,
2 ' 2
[ o2 +1dx = 211m FO)+ FE )+f( el R )]

. 2 2 2
. 21iml['|+(2—2+1)+(4_2+1)+___+(@+1J]
R Ji n n n

- 21iml[(1+1+...+1)+l2(22+4’-+...+(2n—2)2]
n=yee f Y————

Rn-lerms

2
= 211ml[n+—(12+22+ A+ m-D7
1,

n—= J1

_ 211m—[ +iz(n—l)n(2nfl)]
n—= n 6

T T [ 2(}1—1) 2n-1)

n—= n

]

= 2lim [1+ (1——) (2——)]—2[1+ ]_E

n—see 3
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2
Example 26 Evaluate jo &" dx as the limit of a sum.
Solution By definition
% 1 2 A -2
J e“dc = (2-0)lim—| e’ +e" +e" +..+e "
0 n—e= B

2
Using the sum to n terms of a GP.,, where a = 1, r=¢", we have

2n

: e = 2%
[P dr=21im L&y - 20im 1) 71
0 n—e g o n—== 1 =
e"—1 e"—1
22 -1 4 L\ 1)
- B =1 [usmgll_r)r[l) p =1]
ey | HE =11
= g
1
|EXERCISE 7.8
Evaluate the following definite integrals as limit of sums.
i = 3
L [ xde 2. [ +ndx o s
. L) = { L ™ . 4 2x
4. j] (* - x) dx 5. Jlle dx 6. ju(x+e ) dx

s

7.8 Fundamental Theorem of Calculus

7.8.1 Area function
b
We have defined I f(x)dx as the area of

the region bounded by the curve y = f(x),
the ordinates x = @ and x = b and x-axis. Letx

be a given point in [a, b]. Then jxf(x)dr x'(a
g {4
represents the area of the light shaded region ¥ Fig 7.3

2019-20
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in Fig 7.3 [Here it is assumed that f(x) > O for x € [a, b]. the assertion made below is
equally true for other functions as well]. The area of this shaded region depends upon
the value of x.

In other words, the area of this shaded region is a function of x. We denote this
function of x by A(x). We call the function A(x) as Area function and is given by

A = [Jfeodx e (1)

Based on this definition, the two basic fundamental theorems have been given.
However, we only state them as their proofs are beyond the scope of this text book.
7.8.2 First fundamental theorem of integral calculus
Theorem 1 Let fbe a continuous function on the closed interval [a, /] and let A (x) be
the area function. Then A’(x) = f (x), for all x € [a. b].

7.8.3 Second fundamental theorem of integral calculus

We state below an important theorem which enables us to evaluate definite integrals
by making use of anti derivative.

Theorem 2 Letf be continuous function defined on the closed interval [a, #] and F be
s .
an anti derivative of . Then Ia f(x)dx = [F(x )]2 = F (b) — Fla).

Remarks

b
(i) TIn words, the Theorem 2 tells us that I f(x) dx = (value of the anti derivative F
of f at the upper limit b — value of the same anti derivative at the lower limit a).

(ii) This theorem is very useful, because it gives us a method of calculating the
definite integral more easily, without calculating the limit of a sum.

(iii) The crucial operation in evaluating a definite integral is that of finding a function
whose derivative is equal to the integrand. This strengthens the relationship
between differentiation and integration.

b
(iv) In f f(x)dx, the function f needs to be well defined and continuous in [a, b].

1
N . . . R 3 = .
For instance, the consideration of definite integral J- R x(x* —1)2 dx iserroneous

1
since the function fexpressed by f(x) = x(x? —1)2 is not defined in a portion
— 1 < x < 1 of the closed interval [— 2, 3].

2019-20
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Steps for calculating _[ IJf (x)dx.

(i) Find the indefinite integralj f(x)dx. Let this be F(x). There is no need to keep
integration constant C because if we consider F(x) + C instead of F(x), we get
iy
[ £(0) dx=[F(x)+C)’ =[F®) +C]-[F(a) + C]=F®) - F(a)

Thus, the arbitrary constant disappears in evaluating the value of the definite
integral.

(i) Evaluate F(b)— F(a) = [F (x)]", which is the value of J ; F(x)dx.
We now consider some examples

Example 27 Evaluate the following integrals:

3 9 o
@ [ @ [, — 5=
(30— x2)°

' = -
(i) —['(x+1){r+2} (iv) ju431n 2tcos2tde

Solution
g 3 ’ . -3
@) Let 1= x*dv. Since [x* dr="=F (@),

Therefore, by the second fundamental theorem, we get

27 & 19
1=F3)-F(2)=——-—=—
(3)-F(2) = &5
= 9 w.-"; g o 3
(i) LetI= L ————dx. We first find the anti derivative of the integrand.
(30— x2)?

3 :
2 2
Put 3U_12:3-m“—%\f}dx:dt or J;dr:—gdr

=F(x)

o3 | s

(30— _r) (30— x2)
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Therefore, by the second fundamental theorem of calculus, we have

9

= F(9)-F4)=

(PSRN ]

3

30-x7)],

2 1 ] 2Mi_ 1]
3| (30-27) 30-8| 33 22| 99

2 xdx

i) Let [=| ————
e J-1(x+l}(}c+2)

-1 2
= +
(x+D(x+E2D) x+1 x+2

Using partial fraction, we get

J x dx _'_]0g|x+1|+2log|x+2|=F(l’)

- x+D)(x+2) .

Therefore, by the second fundamental theorem of calculus, we have
I=F2)-F(l)=[-log3+2log4]-[-1log 2+ 2 log 3]

32
=—3log3+log2+2log4= log[E]

(iv) Let I= Joisin3 2t cos 2t dr . Consider Isin3 2tcos2tdt

1
Put sin 2r = u so that 2 cos 2¢ df = du or cos 2t df = E du

1
b 3 3
So J-sm 2t cos2t dr EJ-u du

| SO Y.
= —[u"]=—sin" 2tr=F(¢)sa
8[ J g (1) say

Therefore, by the second fundamental theorem of integral calculus

I=F(%)—F(O):é[sin4g—sin40]:é

2019-20
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[EXERCISE 7.9|
Evaluate the definite integrals in Exercises 1 to 20.
1. j' (x+D)dx 2. ok 3 j2(4x3—5x2+6x+9)dx
-1 2x 1
x x s n
4. I:si112xdx 5. J-Uzcostdx 6. Le‘dx 7. ‘[;mnxdx
T £ )
1 1 dx 1 dx 3 ix
8. J%COSECIdx 9. J‘G? 10. J‘Om 11. szg_]
& 3 xdx gy 1%y, 2
2 v i o0 . il ) I~ x
12. [2eos’xar 13 [, - 4 foog o de 15 f xerdx

2 sz % 2 3 ; T, 5 X .
; = : 2 +x +2)dx ) sin“— —cos” =) dx
™ -[1 - JD(Secx P 1 jo( 2 Y

0. 'J-26x+3

oy N gy
omdx 20. j'o(xe +51nT)dx

Choose the correct answer in Exercises 21 and 22.

21 Jlﬁ o equals

g T

(A) 3 B) 3 (o - B
2

5 i

3

22. _[0 Ao equals

A.E B.1 C) — D.E
A B) 15 S o ®) 5

7.9 Evaluation of Definite Integrals by Substitution

In the previous sections, we have discussed several methods for finding the indefinite
integral. One of the important methods for finding the indefinite integral is the method
of substitution.

2019-20
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b
o evaluate X) dx , by substitution, the steps could be as follows:
T | af()dx by substituti h p Id b foll

. Consider the integral without limits
the given integral to a known form.

2.
the constant of integration.
3.
variable.
4. Find the values of answers obtained

and substitute, y=f(x) or x = g(y) to reduce

Integrate the new integrand with respect to the new variable without mentioning

Resubstitute for the new variable and write the answer in terms of the original

in (3) at the given limits of integral and find

the difference of the values at the upper and lower limits.

so that we can perform the last step.

In order to quicken this method, we can proceed as follows: After

performing steps 1, and 2, there is no need of step 3. Here, the integral will be kept
in the new variable itself, and the limits of the integral will accordingly be changed.

Let us illustrate this by examples.

o
Example 28 Evaluate J:ISA:4 X +1dx.

Solution Put ¢ =x° + 1, then df = 5x* dx.

J5x4 ¥ +1dx

Therefore, =
e
Hence, '|-7]5x4 ¥ +1dx =
z _
3
2
"3

3
(P+12 (D +1)2

|

42

3
22 _2

2

Alternatively, first we transform the integral and then evaluate the transformed integral

with new limits.

2019-20
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Let t=x+ 1. Then dt =5 x* dx.

Note that, when x=-1,t=0and whenx=1,¢r=2
Thus, as x varies from—1to 1, tvaries_ from O to 2

el
Therefore J_;.ﬁ'v‘f +1 dx

I

e,
S ™
&
=3

= |
Example 29 Evaluate J-Ol timif dx
+x

Solution Let = tan ~'x, then df = 5 dx . The new limits are, when x=0, =0 and

l+x

T —— . T
whenx =1, ::Z . Thus, as x varies from 0 to 1, ¢ varies from 0 to 1 :

3 ' 2 2
Therefore I ! tan” x ——dx= I tdt| —| = l L
0 l+.l o 2116 32
[EXERCISE 7.10]
Evaluate the integrals in Exercises 1 to 8 using substitution.
. I = S X
dx 2 2 [a 5 d;
J-°x2+'l 2. Jo sin ¢ cos” 0 d¢ 3. J-Osm (]+x2} X
2 I o
4. [ xx+2 Pux+2=p) s [2-TF
. 0 1+cos®x
A 1 dx 23 [ | )
T T Ts T e 8. ——— |eTdx
J-'J Xl =y J.".752+2.7H~5 J-‘[x 2x2]
Choose the correct answer in Exercises 9 and 10.
- 3
9. The value of the integral I u dx is
'
(A) 6 (B) 0 ) 3 (D) 4
If f(x) = [, tsint dr, then f'(x) is
(A) cosx +x sinx (B) xsinx
(C) x cosx (D) sinx + x cosx

2019-20
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7.10 Some Properties of Definite Integrals

We list below some important properties of definite integrals. These will be useful in
evaluating the definite integrals more easily.

v [ rwds=[] rwad

v [ Fdv=-]* fds. n partcular, | * F(0)dx=0
P,: .J-jf(x)dx:J-:f(,x}dx+fjf(x)dx

P, : .J-;f(x)dx:J-:f(a+b—x)dx

P: [ foodx=[ fla-ndx
(Note that P, is a particular case of P;)

: jj”f(x)dx:j:f(x)d“j:f(za—x)dx

P: [ feyde=2[ fduif f2a-2)=f(x) and
0if f(2a — x) = — F(x)
P.: () J’_: f(x)dx= ngf(x)dx, if fis an even function, i.e., if f(— x) = f(x).

(i1) J-_a f(x)dy=0,if fis an odd function, i.e., if f(—x) =— f(x).

We give the proofs of these properties one by one.
Proof of P, It follows directly by making the substitution x =1.
Proof of P, Let F be anti derivative of f. Then, by the second fundamental theorem of

calculus, we have I:f(x)dx:F(b)—F(a):—[F(a)—F(b)]:—J:f(x)dx

Here, we observe that, if a = b, then J-:f(x) dx=0,
Proof of P, Let F be anti derivative of f. Then

I:f(x)dx = F(b) - F(a) ()
j f(x)dx =F(c) - Fa) . (2)
and [ Feodx = F) - Feo) e

2019-20
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Adding (2) and (3). we get [ © F(x)dc+ [ ® £(x)dx=F(b)— F(a) = [ ? £ dx

This proves the property P..
Proof of P, Lett=a+b—x. Thendt=—dx. Whenx=a,t=>5band whenx=b, t=aq.
Therefore

ij(.x}dx = —I:f(a+b—t)dt
=j:’f(a+b—r)a’f (by P)

= ["f@+b-x)dx vy P,

Proof of P, Put7=a —x. Then df=—dx. Whenx =0, t=a and when x = a, t = 0. Now
proceed as in P..

Proof of P, Using P,, we have J-;af(x) a.’x:J-;f(x) dx +J- 2af{x) dx .

Let t = 2a — x in the second integral on the right hand side. Then
dit =—dx. Whenx=a,t=aand whenx=2a,t=0. Alsox=2a—t.
Therefore, the second integral becomes

[*rod [ fea-na =.J-;f(2a—r) dt =.J-;f{2a—x) dx

. 2a a a
Hesice jo £(x) dx Inf(x)dx+Inf(Za-.x)dx

Proof of P, Using P, we have J-;af(x) dx= Ioaf(x) dx—i—f{jf@a—x} dx a0
Now, if f(2a — x) = f(x), then (1) becomes

[ 7w = [ fodee [ feodv=2]; feods,
and if f(2a — x) =— f(x), then (1) becomes

[ fede = [{F =] fexde=0

Proof of P, Using P,, we have

a . 0 a
[° feydx = [~ f@de+ [ F(x)dx. Then
Let t = —x in the first integral on the right hand side.

dt = — dx. When x = — a, t = a and when
== AlSo =

2019-20
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.—I:f(—r) di+[ [ f(x)dx

Therefore J-_aa f(x)dx

[ fexde+ [ fade by Py ...(1)

(i) Now, if fis an even function, then f(—x) = f(x) and so (1) becomes

J-:Iaf(x)dx = J:f(x)dx +J-:f(x)dx: ngf(x)ait
(i) If fis an odd function, then f(—x) = — f(x) and so (1) becomes

I_aaf(x)dx =—[F@dx+ [ fx)dx=0

5 . 2 3
Example 30 Evaluate I_l ‘ X ‘dx

Solution We note that x* — x> 0on [~ 1, 0] and x* — x < 0 on [0, 1] and that
x*—x=0on/[l,2]. So by P, we write

J-_z, ‘ X -x ‘dx =.J:01(x3—x)dx+J-Dl—(x3—x)dt+J-12(x3—x)aix

= J_Dl(x3 -X) dx+ﬁ(x—f) dx-l—jf{x" - xX)dx

2

14 x2 i .132 x4 I .1'4 x2
o fru TN (Y G, ¥ R peita
4 2 il 2 4 . 4 2 .

1 »1
— 4 —
4 2

A
2

T

4 sin? x dx
T

Example 31 Evaluate J-

4
Solution We observe that sin® x is an even function. Therefore, by P, (i), we get

n n
. b i)
J.“ sin xdx — QJ.;S‘“ xdx

—-n

4

2019-20
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= QIEM dx = ‘[DZ(I—COS 2x)dx

2
E .TI: 1....J¢ T 1
= x—lsian =[———sm—)—0:———
2 i 4 2 2 4 2
Example 32 Evaluate _[ KLnfdx
0 1+cos“x
Solution LetI—.J. nﬂdx Then, by P,, we have
) 0l+cosix B

- J. = (T—x)sin (m—x) dx
~Jo l+c052(1t—.1;)

_‘[ (n—x)sm X dx ='x‘[n sin x dx

1+cos?x 0 1+cos?x
® sin x dx
or 2I=EI e llioLs
0 1+cos x
I ﬂ:J-n sin x dx
or = — | N g
290 14cos?x

Putcos x =t sothat —sinx dx=df. Whenx=0,f=1and whenx=m, t=—-1.
Therefore, (by P)) we get

el

T2 AR I11+r

|
P, since
1+¢2

1

T 015 is even function)
o ! - T 3
Tc[tan_ f]nzn[tan_ 1-tan O]:ﬂ: 1—0 :T

. 1
Example 33 Evaluate .[—1 sin’ x cos® x dx

. » N 4 -
Solution Let I = .[_ISID xcos” x dx . Let fix) = sin’ x cos® x. Then

f(=x) =sin’ (- x) cos* (- x) =— sin’ x cos* x = — f(x), i.e., fis an odd function.
Therefore, by PT (i), I=0

2019-20
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: sin® x
Example 34 Evaluate J- P ————dx
sin” x+cos” x
5 sin® x
Solution Let I = J- 2~ —dx ALY
0 sin” x+cos” x

Then, by P,

1 4
Es cos” x
e j e Y )
X) 0 cos” x+sin" x

e
sin® (Z—x
(2 )

S Nia

1= |
eI 4,

sin? (S —x)+cos*(=—
i (2 ) (2

Adding (1) and (2), we get

= sin*x+cos*x 2 o
A= [P = Pdx=[x)? ==
0 sin” x+cos” x 0 or. 2

Hence = ol
4

Example 35 Evaluate [ &
Xﬂll]p e 3> valuate = 7
El+\/tan.x

JT

J- cos x dx
3 l+\/tan1 Jcosx+\/sinx

COS(E+E—x]cix

3°6

c T W R

6 fcos| —+——x |+ Jsin] —+——x
foe(3 - rgen(5-2)

j Vsinx S Gl S N @
\}sm X ++Jcosx '

Adding (1) and (2), we get

Solution LetI= J- (1)

wlHA

Then, by P, =

21—[ de=[x]’ = —g

T e
—. Hence I=—
6 12

oA wlr—a
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by
Example 36 Evaluate .[02 log sin x dx

n
Solution Let I = joz log sinx dx

Then, by P,

o T2 el o Bl i g
Io Iogsm[2 .x]d.x Io log cos x dx

Adding the two values of I, we get

n

i J-Oi(log sinx + log cos.x ) dx

SIE]

- J-O (log sin x cos x +log 2 — log 2) dx (by adding and subtracting log 2)

= J-Oilog sin2x dx —J-Oilog 2dx  (Why?)

Put 2x =¢ in the first integral. Then 2 dx = df, when x =0, =0 and when x :g,

t=T.
. 1 fx . T
Therefore 2[= EJ-O log smfdt—ElogZ
= %J.glog Si"fdf—Elogz [by P as sin (T —) = sin ¢
= 2Jo 2 5% =R
o
= J-O2 log sinx dx—g log2 (by changing variable 7 to x)
oz
=I—-—log?2
> g
T =
Hence .[o logsinxdx = —log2,

2

2019-20
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[EXERCISE7.11]

By using the properties of definite integrals, evaluate the integrals in Exercises 1 to 19.

3

n . E = 3 E i E
. 0 Jsinx ++/cosx o 3 g
sin2 x+cos? x
. 5
g [z_So8xdx o %ol o
* IO sin® x +cos’ x - J-—f 6. J-2| |
- 2
i on(l—x)"dx 8. J-;Iog(lﬂanx)dx 9, J-OszZ—xdx
10. Jf(Zlogsinx—logsian)dx 11. J._Eﬁsinzxdx
\ 7Y
. I“ = 13 J-% sin’ x dx 14 Izncoijdx
B 0 1+sinx o —_2n " » Jo ]
"t & L F
5. [Z SMECOSX e Lis il N 17 s B e
’ _I" 1+sinx cosx J-o 0g (1+£0%%) J-D\/;+~/E
8. [ |e-1]ax

19. Show that J:f(x)g(x) dx=2 L: f(x)dx . if fand g are defined as f(x) = f(a —x)

and g(x)+ gla—x)=4
Choose the correct answer in Exercises 20 and 21.

e

20. The value of J._zJt (x* +x cosx +tan® x +1) dx is
2

(A) 0 (B) 2 ©) x (D) 1

4+3si
Smx]dx s

21. The value of L‘Elog(4+3
cos x

3
(A) 2 ®) 7 © 0 (D) -2
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